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ABSTRACT 

We construct a gauge theory based on general nonlinear Lie algebras. The 
generic form of 'dilaton' gravity is derived from nonlinear Poincare algebra, which 
exhibits a gauge-theoretical origin of the non-geometric scalar field in two-dimensionall 
gravitation theory. 



1. Introduction 



The investigation of diffeomorphism-invariant field theories is expected to pro- 
vide indispensable information for the quest of quantum gravity. In fact, at the 
classical level, the Einstein theory — field theory of metric tensor with general 
covariance — offers a promising way of describing gravitational phenomena. 

The general covariance in gravitation theory is external gauge symmetry, which 
may be called gauge symmetry of the Utiyama type. Its connection to gauge 
symmetry of the Yang-Mills type has been investigated on various occasions. One 
of the reasons for investigating the connection between the two types of symmetries 
is that symmetry of the Yang-Mills type might be easier to treat in quantization 
problems than that of the Utiyama type. 

In a previous paper) 11 we constructed a two-dimensional gauge theory based 
on quadratically nonlinear extension of Lie algebras as a generalization of the 
usual nonabelian gauge theory with internal gauge symmetry. When the nonlinear 
algebra is Lorentz-covariant quadratic extension of the Poincare algebra, the the- 
ory turns out to be the Yang-Mills-like formulation of R 2 gravity with dynamical 
torsion. Hence it yields a new example of the connection between the two types 
of gauge symmetries. 

In this paper, we extend our formalism to the case of nonlinear Lie algebras 
beyond quadratic restriction made in Ref. [1]. That is, we construct a gauge the- 
ory based on general nonlinear extension of Lie algebras. Then we also consider 
the Poincare algebra as a base algebra for the theory to provide Yang-Mills-like 
formulation of 'dilaton' gravity. 

The remaining part of the paper is organized as follows: The next chapter pro- 
vides the generic form of 'dilaton' gravity in a convenient fashion for our purposes. 
In chapter 3, our action for 'nonlinear' gauge theory is constructed in quite a gen- 
eral manner. We also consider nonlinear Lie algebras as a background structure 
for the 'nonlinear' gauge theory. The relevance of this 'nonlinear' gauge theory to 
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the 'dilaton' gravity is clarified in chapter 4. Chapter 5 concludes the paper. In 
the Appendix, we compare the above results with the formulas obtained in our 
previous paper' 11 that deals with quadratically 'nonlinear' gauge theory. 

2. Generic Form of 'Dilaton' Gravity 

The general expression for the action of two-dimensional metric g^ v coupled to 
a scalar field (p (without higher-derivative terms) is given by 

S = J d\^{\r v d^dv(p+\u{(p)R-V{y)). (2.1) 
We may replace Uyp) by a linear function 

S = Jd 2 xV=g {\g^d^d vV + \pR - W(ip)) (2.2) 

through a field redefinition* 

<p = U(<p), = e p g^, W((p) = e p V(y?); 

'OA -1 (2-3) 



/( c)XA \ — 



where a is an arbitrary constant. In particular, we can set a = to obtain 

S = Jd 2 xC D - C D = y/=jj(±<pR-W(tp)). (2.4) 

The action (2.4) is of course invariant under the following general coordinate trans- 
formation: 

Sg9/u> = ~v X d\g^ v - (d^v x )g\ v - {d v v x )g^\, 
S G tp = - v d\ip. 

In the following chapters, we investigate a gauge-theoretical origin of the 'dila- 
ton' field (p in the action (2.4), which might be regarded as a "pure" gravity in two 
dimensions. 



★ This field transformation is well-defined only locally in the field space of <p where (dU / dip) ^ 
0. In particular, it is inapplicable to the case of U{(p) — constant, where the field (p is 
regarded as a scalar matter rather than the 'dilaton' field. 



3. 'Nonlinear' Gauge Theory 

In this chapter, we explain a generic approach to the construction of a 'non- 
linear' gauge theory — gauge theory based on nonlinear extension of Lie algebras. 

3.1. 'Nonlinear' Gauge Transformation 

As is the case for quadratically 'nonlinear' gauge theory exposed in Ref. [1, 4], 
we need a 'coadjoint' scalar field §a in addition to a vector field h A for the purpose 
of constructing a 'nonlinear' gauge theory. Here A denotes an internal index. We 
would like to consider the following generic form of gauge transformation: 

5h A = d»c A + U A c (<S>)h*c c , 
5$4 = W BA ($)c B , 

where U BC {$) and Wab(^) are smooth functions of the field $^ to be determined 
below, and c A is a gauge-transformation parameter. In the case of usual nonabelian 
gauge theory, U BC = f BC and Wba = Jba^C, where f% B denote structure con- 
stants in some Lie algebra. Thus we assume U BC = —Uq B and Wba — —Wab- 

Let us investigate the commutator algebra of these gauge transformations with 
gauge-transformation parameters c\ and 02- In order to get a closed algebra on the 
scalar field $^ 

[6(c 1 ),5(c 2 )]^a = S(c' 3 )^a, (3.2) 

we are naturally led to impose the following condition on the functions Wab'- 

dW [AB 



^W C]D = 0, (3.3) 



where [ASC] denotes antisymmetrization in the indices A, B, and C. This as- 
sumption results in the composite parameter 



,A _ dW BC J3 C (o a) 

In the next section, we show that the expression (3.3) can be derived as the Jacobi 
identity for a nonlinear Lie algebra with structure functions Wab- 
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On the other hand, as the commutator of two transformations on the vector 
field we obtain 

[6(ci),6(c2)]rt = 6(ca)rf + ..-, (3.5) 
where the composite parameter C3 is given by 

4 = U£ c c? c c, (3.6) 

and the ellipsis on the right-hand side of (3.5) indicates a term which is irrelevant 
here (see (3.9) below). 

We require 03 = 03, that is, we henceforth put 

UtcW - If (3.7, 

in order for the commutator algebra to represent a consistent composition law of 
Lagrangian symmetry. The resulting form of the gauge transformation is given by 

" * d^ A M (3.8) 

5<$> A = W BA {Q)<? 

in terms of the functions Wab which satisfy the condition (3.3). This gauge trans- 
formation reduces to the usual nonabelian one when Wba{$) — f B A^C- 

Then the gauge algebra is given by 



A _ S(r , h A CD d 2 W CD 



[5( Cl ),5(c 2 )]h* = 5(c 3 )h* - c^ ^ ^ D^b, 

[S(a),8(c2)]&A = ^(c3)$a, 
where we have defined 

D^ A = d^ A + WAuWh*. (3.10) 
Let us see the gauge transform of (3.10): 

5{D^a) = ( D ^c)^^c B . (3.11) 
This reveals that the object may be recognized as a covariant differentiation, 



transforming as a coadjoint vector. 
The commutator of two covariant differentiations provides 

[D li ,D v ]^ A = W AB (^)R^ / , (3.12) 

where the curvature R^ v is defined by 

R% = dX - d v h A , + ?%^h*hS, (3.13) 

and the covariant differentiation on D^a has been so determined as the resul- 
tant expression D V {D^ A ) transforms like a coadjoint field. Unfortunately, the 
curvature does not transform homogeneously: 

s < - If < cC + { {D ^mSt h? ' c - <" " 4 (314) 

which seems troublesome for the construction of invariant actions. 
3.2. Jacobi Identity for Nonlinear Lie Algebra 

This section is devoted to a brief explanation of an algebraic background for 
the 'nonlinear' gauge transformation defined in the previous section. The relevant 
object is the Jacobi identity for nonlinear Lie algebras! 1 ' 41 

Let us consider a vector space with a basis {T^}, the polynomial ring* of whose 
elements yields a distributive algebra with a bracket product 

[T A ,T B ] = W AB (T), (3.15) 

where Wab(T) denotes a polynomial in Tq which satisfies the antisymmetry prop- 

* Generally speaking, it is not necessary to restrict consideration to the case of polynomial 
ring, which is commutative by definition. However, it is enough to treat the commutative 
case for the present purposes because we make use of the structure functions Wab only 
in the form Wab(®) where $ represents a set of scalar fields $c which do commute: 
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erty W AB = -W B a- 



W AB (T) = wf B + W^bTc + wf B CD T c T D + ■■■, (3.16) 



where W A ° B , W^ B C , and so on stand for structure constants in this algebra. 
We note that the zeroth-order term W A ° B may be recognized as a central ele- 
ment' 11 in the algebra (3.15). The derivation nature of the bracket ([Ta,TbTc] = 
[Ta, T b ]Tc + T b [Ta, Tc], for instance) is also assumed. This definition includes the 
ordinary Lie algebras as a special case when Wab{T) is linear in T4, which makes 
the algebra (3.15) deserve the name of nonlinear Lie algebra. 

The Jacobi identity to the bracket product (3.15) implies 



dW[AB 
dT D 



W C]D = 0, (3.17) 



which is a generalization of the Jacobi identity for Lie algebras. 

The expression (3.9) can be considered as a gauge algebra based on the non- 
linear Lie algebra (3.15) in the sense that the functions Wab{&) satisfy the same 
constraint identity (3.3) as the Jacobi identity (3.17) for Wab(T) in the algebra 
(3.15). 



3.3. An Invariant Action 



We do not have a straightforward way of constructing invariant actions under 
the gauge transformation (3.8), as noticed from the inhomogeneous form of (3.14) in 
section 3.1. Hence we will instead seek an action which provides covariant equations 
of motion under those transformations, and examine whether it is invariant under 
them. 

The determination of equations of motion we employ goes as follows: The 
gauge algebra (3.9) should be closed, at least, on shell so as to originate from some 



- 7 - 



Lagrangian symmetry. Hence the choice 

D^ A = (3.18) 

seems an immediate guess for appropriate equations of motion, which are indeed 
covariant (3.11) under the transformation (3.8). 

Since we have the vector and the scalar $^ fields as our basic ones, a first 
approximation to the desired Lagrangian might be given by 

C = x^h^D^ A , (3.19) 

where x^ v denotes an invertible constant tensor to be determined later. However, 
D v $a itself contains the fields h^, and hence the variation of Co with respect to 
does not lead to the covariant equations of motion (3.18). 

In order to overcome this issue, we modify the Lagrangian into 

C = C - \-xTWABf4h*, (3.20) 

which yields the desired equations of motion (3.18) provided = ~X V ^- Note 
that this Lagrangian can be rewritten as 

£ = -\x^aR% + (w BC - tfhS] (3.21) 

up to a total derivative. 

If we require Poincare invariance of the Lagrangian, the antisymmetric tensor 
X^ v should be an invariant one 

X^ v = e^, (3.22) 

where e^ v denotes the Levi-Civita tensor in two dimensions. At this point, we are 
led to consider the two-dimensional situation. 
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In summary, we have obtained a candidate action 

S = J d 2 xC; C = Af V \®AR% + (w BC - * A ?^jh*hS], (3.23) 

which comes out to be diffeomorphism invariant. The relation (3.3) enables us to 
show 

SC = d^(w BC - ib A ?^>jh?c% (3.24) 

which confirms the invariance of our action (3.23) under the 'nonlinear' gauge 
transformation (3.8). The equations of motion which follow from (3.23) are given 
by the following: 

e^D^ A = 0, & V R% = 0, (3.25) 
which are indeed covariant due to the transformation law (3.11), (3.14). 

4. Nonlinear Poincare Algebra 

The general- covariance property of our action (3.23) suggests that we might 
utilize it to construct two-dimensional gravitation theory. It seems a natural choice 
to adopt the Poincare algebra in two dimensions as a base algebra on which the 
construction will be performed. Since the diffeomorphism invariance is guaranteed 
by the definition of (3.23), our requirement is that the theory should be local- 
Lorentz covariant. Hence we consider nonlinear extension of the Poincare algebra 
which preserves the Lorentz structure of the genuine Poincare algebra: 

[J,J] = 0, [J,P a ] = e abV bc P c , 

(4.1) 

[P a ,P b ] = -e ab W(J), 

where rf d is the two-dimensional Minkowski metric. Note that the choice W( J) = 
corresponds to the original Poincare algebra. 

* The following form of nonlinear Poincare algebra is not the most general one that preserves 
the Lorentz structure. It is chosen so as to realize the torsion-free condition as an equation 
of motion in the resultant 'nonlinear' gauge theory (4.3). 
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We set {Ta} = {P a ,J}, that is, To = Pq, T\ = P\, and T 2 = J. Then the 
structure functions defined in (3.15) for the above algebra are given by 



W 2a = -W a2 = 6 abV bc P c , W 22 = 0, 

(4.2) 

W ab = -e ab W(J). 



We also set the vector field = (e M a , a> M ) and the scalar field $^4 = (<p a , ip) to 
obtain 

Cs = Af V ^v - - eW M ( 4 - 3 ) 



as the Lagrangian (3.23), where we have defined 



T^ a = d^ a + uj^ ah e vb -(fi^u), (4.4) 
e = det(e/). 



The gauge transformation law (3.8) now reads 

Sup = d^t + e bc c b e^ 



dip 

dip = e ah c a (f) b , 

$<Pa = -tt ab 4> b + e ab c b W&), 



where we have put c A = (c a ,t). 
We can actually confirm 



(4.5) 



6C S = -d^ v e v a e ab c b (w - f^j], (4-6) 

which corresponds to (3.24) in the previous chapter. The equations of motion 
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which follow from (4.3) are given by 



d^a + U^ab4> b - tabe^W = 0, (4 7) 

1 <9W 1 

2 ^ + dip ~ ' 2 ^ ~ ' 

which of course corresponds to (3.25). 

Note that the gravitation theory (2.4) is obtained if one puts e lJ a e v h r} a } ) = 
and integrates out the fields 4> a and uj^ in the Lagrangian (4.3) under the condi- 
tion e^O. The reformulation (4.3) reveals that the theory (2.4) possesses hidden 
gauge symmetry (4.5) of the Yang-Mills type. This gauge symmetry includes dif- 
feomorphism, as is the case for the Yang-Mills-like formulation of R 2 gravity with 
dynamical torsion. 

5. Conclusion 

We have made a systematic construction of the 'nonlinear' gauge theory (3.23) 
with the gauge transformation (3.8) based on a general nonlinear Lie algebra in a 
parallel way to the procedure adopted in Ref.[l]. 

We also considered Lorentz-covariant nonlinear extension (4.1) of the Poincare 
algebra in two dimensions. The 'nonlinear' gauge theory based on it turned out to 
be the generic form of 'dilaton' gravity, which clarified a gauge-theoretical origin 
of the non-geometric scalar field in two-dimensional gravitation theory. We note 
that this theory is a generalization of Yang-Mills-like formulation of the dilaton 
gravity , M which corresponds to a particular choice W((p) = constant. 

We have restricted ourselves to the classical consideration in this paper. It 
might be interesting to compare the theory (2.4) of the Utiyama type and the one 
(4.3) of the Yang-Mills type in the aspects of their quantization. 
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APPENDIX 



In this Appendix, we provide BRS formalism of the 'nonlinear' gauge theory. 
We also regain the quadratically 'nonlinear' gauge theory obtained in Ref. [1] as a 
special case of 'nonlinear' gauge theory considered in the present paper. 

A.l. BRS Formalism 

Let us consider the BRS transformation 5 B corresponding to the classical sym- 
metry (3.8). Notice that the generator algebra for the gauge transformation (3.8) 
is open, as can be seen from the gauge algebra (3.9). 

We first regard the gauge-transformation parameter c A as fermionic FP ghost. 
With the aid of the condition 5 2 &a — 0, we can uniquely determine the transfor- 
mation law for the ghost 



which satisfies 5 2 c A = 0. However, the naive definition (3.8) does not satisfy the 
nilpotency S 2 = on the field h A due to the algebra non-closure: 



b c d 2 W BC SC 
= c c — — — — e. 



(A.2) 



This prevents us from performing simple-minded BRS gauge-fixing of the La- 
grangian (3.23). 

The desired BRS transformation S B and gauge-fixed Lagrangian Ct can be 
obtained as follows: In view of the equations (A.2), we introduce a gauge- fixing 
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fermionic function Q to provide 

S B = S + 5 b , (A.3) 

where we define 

j h A ic B c c d 2 W BC 

and 5 h = on the other fields. The gauge-fixed Lagrangian is given by 

C T = C - t(5 B - ±5 h )Q. (A.5) 

The BRS transformation (A.3) is on-shell nilpotent, and it yields a symmetry of 
the Lagrangian (A.5), as it should be: 

B c d 2 w BC sn \ 



where 5C is given by (3.24). 

A. 2. QUADRATICALLY 'NONLINEAR' GAUGE THEORY 

Let us consider the case of quadratically nonlinear Lie algebra 

[T A ,T B ] = W AB (T) 

= k AB + f AB T c + V^TcTd, 

where V AB = V AB ■ Then we obtain the following identities: 

dw BC _ f A , qt/AD^ _ fA d 2 W BC _ , /AD 
-^-f BC + 2V BC <S> D = f BC , m -^--2V BC , 

W BC - $ A^^- = k BC ~ Vgg<$> A <$> D . 



(A.7) 



(A. 



By virtue of the above identities, the formulas (3.8) and (3.23), respectively, 
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result in the gauge transformation law 



6h$ = d ^ + fB C h B ,c C 
S$a = (k B A + J'Ea^c + Vba $c<S>d)c b , 



and the Lagrangian 



C = --e^[<$> A R% + (k BC - Vgg<S> A <S> D )h B hC}; 



(A.9) 



(A.10) 



which exactly coincide with the corresponding formulas for the quadratically 'non- 
linear' gauge theory given in Ref.[l]. 
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